Abstract. We determine equivalent conditions on a commutative Artinian ring S in order that the ideal of S t] consisting of polynomials that vanish on S should be principal. Our results correct an error in a paper of Niven and Warren.
Abstract. We determine equivalent conditions on a commutative Artinian ring S in order that the ideal of S t] consisting of polynomials that vanish on S should be principal. Our results correct an error in a paper of Niven and Warren. Let R be a commutative unitary ring. If f(t) = P n j=0 a j t j 2 R t], then f induces a polynomial function T f of R into R de ned by T f (r) = P n j=0 a j r j . The map f ! T f is a surjective homomorphism of R t] onto the ring P(R) of all polynomial functions of R into R. Following Narkiewicz N, p Proof. The inclusion (I R ) I Re is clear. To prove the converse we show that I Re I R ; this su ces since induces the identity map on Re x]. Thus, take g 2 I Re . Since g(0) = 0, g = ex h for some h 2 Re x], and hence g vanishes on R(1 ? e). Because g vanishes on Re and R = Re R(1 ? e), it follows that g 2 I R .
Corollary 2. If R = R 1 ::: R n is the direct sum of ideals R 1 ; :::; R n ofR, then R x] = P n j=1 R j x] and I R = P n j=1 I Rj . Therefore I R is principal as an ideal Proof. If R is a nite eld with q elements, it is well-known that I R = (t q ? t). If R=M is in nite, we show that I R = (0) (cf. J,Th.9]). Thus, let f(t) = P n j=0 f j t j 2 I R and choose elements a 1 ; a 2 ; :::; a n+1 in distinct residue classes of M in R. Since f(a 1 ) = 0, f(t) is divisible by (t ? a 1 ) in R t]. For 1 k < n + 1, if f(t) is divisible by (t ? a 1 )...(t ? a k ) in R t], say f(t) = (t ? a 1 ):::(t ? a k )g(t), then 0 = f(a k+1 ) = (a k+1 ?a 1 ):::(a k+1 ?a k )g(a k+1 ), where each a k+1 ?a i is a unit of R. We conclude that g(a k+1 ) = 0; g(t) is divisible by t ? a k+1 , and hence f(t) is divisible by (t ? a 1 ):::(t ? a k+1 ) in R t]. By induction it follows that f(t) is divisible by (t ? a 1 ):::(t ? a n+1 ), and hence f(t) = 0. Thus I R = (0) if R=M is in nite.
To prove the converse it su ces to show that I R is not principal if R=M is nite and M 6 = (0). We use a proof by contradiction. Assume I R = (g(t)), let q = jR=Mj, and choose e > 1 so that (0) = M e < M. Since (t q ? t) e 2 I R , the polynomial g(t) has a unit coe cient. If b is a nonzero element of Ann(M), then b(t q ?t) 2 I R , and the proof in the preceeding paragraph shows that I R contains no nonzero element of degree less than q. Hence Theorem 3 shows that ag(t) = P q i=0 c i t t has degree q for some a 2 R. We show that each c i belongs to Ann(M). Thus, let u 0 be an Because g has a unit coe cient, a is also in Ann(M). Now ag ?c q (t q ?t) 2 I R , and because I R contains no nonzero polynomial of degree less than q, ag = c q (t q ? t).
We conclude that exactly two of the coe cients of g are units | those of t q and of t. Moreover, since g(0) = 0, we have g(t) = ut q + vt + t 2 h(t) for some units u, v of R and polynomial h(t) 2 R t]. Thus g(a) = va 6 = 0, a contradiction to the fact that g(t) 2 I R . Therefore I R is not principal, as asserted.
Since a zero-dimensional local ring (R; M) is nite if and only if R=M is nite, part(a) of Corollary 5 is a consequence of Theorem 4.
Corollary 5. Let (b) If S is nite, then I S is principal if and only if S is reduced or, equivalently, if and only if S is a direct sum of nite elds.
